o 
o 

(N 

>v 

a 

Gravity and the Electroweak Theory 

pH \ Kenneth Dalton 

<L> 

c/2 ■ e-mail: kxdalton@yahoo.com 

O 

• i— i 
CZ3 

>v 

in . 

£> , Abstract 

m 

This work shows that gravity creates inertia for the electron. The La- 
S~ . grangian directly couples the gravitational field with the electron spinor field. 

It does so via the covariant spinor derivative. The Lagrangian is invariant 
with respect to the electroweak gauge group U(l) ® SU(2)l. 

The field equations are solved for an electron in uniform motion. The 
solution is the Dirac spinor for a massive electron. In effect, gravitational 
coupling takes the place of the Dirac mass term. 
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1. Metrical Gravity. 

The formalism of time-dependent, three-dimensional geometry was derived 
in [1] and reviewed in [2]. A brief summary follows. We introduce a scalar, 
3- vector basis e^ = (eo,ej) and define inner products 
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V o J 

The basis e^ changes from point to point in the manifold according to the 
formula 



V„e,j = exQfu, 

This separates into scalar and 3-vector parts 



V^ej 



eoQov 

e jQiu 



(3) 

(4) 



By definition Q^ = Qq u = 0. The 18 coefficients Q l , k would suffice in the 
case of ordinary static, three-dimensional geometry. Here, the geometry 
will be time-dependent, in general, and clock rates may differ from point to 
point. Hence, the additional coefficients Q l , and Qq v , respectively. All 28 
independent Q^ x are derivable from the metric 
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where 



Kx = 2 9 " P ( d *9v P + dv9 P \ ~ dp9v\) 



(8) 



are the Christofel coefficients. The symbols T^ A are symmetric in v\, while 
the Q^ x are not. The following formula holds good 



<Kx = Kx + 9"gM 



M 



(9) 



where 



The gravitational field is introduced by means of the Einstein-Hilbert 
action 



|| R^-gd i x = ^j ' g^R, v ^-gd A x 



where k = c /8irG, and the Ricci tensor is 



Ruv — O u L ^x ^A 1 fiu + 1 pv>- p\ *■ XpL fiu 



^\xv 



Variation of the gravitational action gives [3] 



fill 
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8f%<rR ia ,V=9** = %f 



R 



ll r--9puR)Sg^^9d A x (13) 



The source of gravitation is expressed in terms of a matter Lagrangian C m . 
Variation with respect to 5g^ u defines the energy tensor 



5J£ m d A x = ^J T^Sg^^d 4 



(14) 



Setting the sum of (13) and (14) equal to zero, we obtain the gravitational 
field equations 



k [ Rftv — -g^i/R ) + T^ v 







(15) 



There are seven field equations corresponding to the seven variations Sg 00 
and bg 13 . 

The Lagrangian for gravitation may be derived by partial integration of 
the action [3] 



<TR^ 



-gd x 
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~gD v% 
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~gan Kx 
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+sr KuKx - n^L >/=£ K* (i6) 
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The first two terms, when converted to boundary integrals, do not contribute 
to the field equations. With some rearranging, this leaves 



- / gTR^V^gfa = 'HsT (ri,r p 



_ -pA -pp 

IIV L p\ L pU L fj,\ 



v ) 7^d 4 x (17) 



The Lagrangian 



c — - n ^ u (v x v p - r A r p 



(18) 



depends upon the metric g^ v and its first derivatives d\g^ v . Therefore, 
variation (13) now takes the form 



5 I C g d x 






d* 



d(d x g^ 



d 4 x 



Sg^cfis 



dgi™ d(dxgf u ) 

Variation of the matter action (14) takes a similar form 



5 / C m d x - 
Defining the total Lagrangian 



O^m *-* OL*y 



dx 



» v d{d x g^) 



5g^d A x 



(19) 



(20) 



L, — L,g -\- L, r 



(21) 



and setting the sum of (19) and (20) equal to zero, we obtain the gravita- 
tional field equations 



dC 



dx- 



dC 



= (22) 

Q g txv ""d{dxg^ u ) 

The Lagrange equations have a direct bearing upon the question of energy, 
which is defined in terms of C (appendix C). 



2. Tetrads. 

In order to accommodate spinors, the system e^ can be expanded in terms 
of tetrads on a Pauli basis 



--M — ° n 



e a Jx)(J a 



where 
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The tetrads can be chosen such that 



(24) 



e 2 — e i e 3 — e 2 e l — e 3 (25) 

leaving seven independent functions e a (x). The metric now depends upon 
the underlying tetrad field 



_ a /3 

9fiu — Va/3 e n e i/ 

As shown in appendix A, the covariant spinor derivative 



(26) 



yields the Lagrangian (adding the kinetic term for A^) 



(27) 
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% -hc[^d^ - (d^)^] + ^^ 5 ^e 5a ^e a \ u d u e^ 



—hcqi/rf^ipA 
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H ^ \w 



F nv F^ 



(28) 



7° are the constant Dirac matrices, while j^(x) = eJ 1 (x) A f a . The electron 
field equation is found by varying ip 



dC e dC e 

—=■ — o a — = 



(29) 



Substitution of 



dCe 

dip 
dC e 



(30) 
(31) 



gives 



"2 7k V-#V^ 



i 1 



i-fW + --^d^yTg-fW - qj^A, 



2V=9 



+\l5j6^ e Sa ^e a x e^d u e px = (32) 



A similar calculation with respect to 5ip yields the conjugate equation 



*• v 9 

+^?7575 ^efefdyepx = (33) 

Multiply the first equation by ip the second by ifr and subtract, to find 
conservation of charge 



d,AV=g^^) =0 



(34) 



In the following sections, we will be concerned with oscillating gravita- 
tional fields of very small amplitude. The coordinate system is taken to be 
nearly rectangular 



9{w — Vfj-f ~r i^fiv 



(35) 
(36) 



The indices of h„ v are raised by 77'"'; for example, in lowest order 



~Ai/ _ / 1 j \/„Ai/ lAi/\ 



= ^ + K-h^ = 5^ (37) 



The tetrads are expressed in a similar fashion 



e% = <^ + C (38) 

e/ = W-ZS (39) 



so that 



cc = ^ = (^+rj(c-o 






« + cc - n c (40) 



In order to simplify the notation, we mix indices obtaining 

G = tf (41) 

In terms of tetrads, the metric is 



9{iv — IJa/3 e fi e v 

= V^ + riap(S a ^i + 6 a ^) (42) 

so that 



= 2^ (43) 



3. 1/(1) <g> SU(2) L Gauge Invariance. [4, 5, 6] 

The gravitational coupling term in L e (28) contains the factor ■0757(5^- This 
factor does not mix right- and left-handed spinor components, tpR and ipL. 
In order to prove this, set 

V> = ^ + V>L = ^4p^ + ^pV> (44) 

where (7s) 2 = 1 and 7575 = -7575. Also, ip R = 4> -^ and ip L = ip -4^-. 
In the expansion 



-07575^ = {^R + ^lII^IS^R+^l) 

= 1pRlBlsi>R + TpLl576i>L + ^RlblS^L + ^Ll^lS^R (45) 

the mixed terms are identically zero. For example, 



^Rlbls^L = i/> — ^ 757<5 — ^ i/j = tp 757,5 -^— '0 = (46) 

Therefore, 

^7575^ = ipRlnlSipR + V ; l757-5V , l (47) 

An expression of this type will be invariant under £/(l) (8> SU(2)l gauge 
transformations, a Introduce the right-handed singlet ipR = eR and left- 
handed doublet tpjj = in order to form the Lagrangian 

1 

L e _ w = -hc[xp R ^d^R + ii^d^L] + h.c. 

+ "J 9r15Js^R + ^lJsJsiPl] e 5a ^e a \»d u ep X + L int (48) 

Li n t contains the electroweak interaction terms as well as kinetic terms for 
A^W^aadZO. 



1 The Dirac mass term impip — m(ip R ipL + ip L t{)R) mixes right- and left-handed spinors 
and cannot appear in the electroweak Lagrangian. 



4. An Electron in Uniform Motion. 

In the previous article [2], the gravitational field was found for a spin up 
electron at rest 



1> 








exp (— iut) 



(49) 



which took the form 



( 1 \ 

e 1 1 e 1 2 

e 2 1 e 2 2 

\ 1/ 

Here, we seek the solution for an electron in uniform motion along x 3 



(50) 
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exp (—ik^x^ 1 ) 



(k ,fo) 



(51) 



The second term in the electron equation (32) is zero, g which leaves 



i^d^ + i 75 7^ e fo ^e Q A e 7 ^,e^ = 



In the present case, 



so that 



<9o'0 = — ik^ and d^ip = —ik^ip 



(52) 



(53) 



(^o7° + hl 3 H + ^7573^ e 3oM e a % eu + I 75 ^ e 0ab3 e a l d 3 e bl = (54) 
where the tetrad assumes the form (50). The Dirac matrix representation is 



7° 



(TO 







-(To 



7 





-On 







75 



1 

1 



(55) 



2 The trial solution (51) gives d^ip = —ik^tp and d^ip = ifc M V- From the conservation 
law (34), it follows that V>9 M (v /= ff7 M )V> = °- 



while e 0123 = — 1. Substitution yields four equations 



k ui + k 3 u 3 + -u 1 (e 1 n doe 2n - e 2 n d ei n ) + -u 3 (e 1 n d 3 e 2 n - e 2 n d 3 ei n ) = 
k Q u 2 - k 3 u A - -u 2 (ei"9oe2n - e 2 n d ei n ) + -u^e™ d 3 e 2n - e 2 d 3 e ln ) = 
k 3 u\ + k u 3 + --U3(ei™<9oe2n - e 2 n d ei n ) + -ui(e t n d 3 e 2n - e 2 d 3 e\ n ) = 
k 3 u 2 - k U4 + jU4(ei"9oe2n - e 2 n d ei n ) - jU 2 {ex'd 3 e 2n - e 2 d 3 e\ n ) = 



(56) 

(57) 
(58) 
(59) 



These equations pair (ui,u 3 ) or (1*2,144). Consider the case u 2 = U4 = 0: 

the equations will be satisfied for all values of u\ and 1*3, if the coefficients 
are zerolfl 

4k + ei n d e 2n -e 2 n d e ln = (60) 

4fc 3 + e 1 n d 3 e 2n ~ e 2 n d 3 e ln = (61) 

When expressed in terms of the £ Q M (38), these equations read 

4A: + (£ 1 1 -£ 2 2)3o£ 1 2-£ 1 2<9o(£ 1 i-£ 2 2) = (62) 

4fc3 + (5 1 i-( 2 2 )^ 1 2 -?V3(( 1 i-? 2 2 ) = (63) 

The first order terms vanish, leaving only second order terms. A solution is 
given by 

(^1-^2) = 2ocos(-^) (64) 

i\ = asmi-k'x^ (65) 



For the case Mi = M3 = 0, the coefficients of ui and U4 must be zero 

4fc — e 1 n doe2n + e 2 "9oein = 
Ak 3 - e 1 n d 3 e 2 „ + e 2 n d 3 ei n = 

Thus, the two cases are mutually exclusive. 
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where the amplitude a is small compared with 1. Substitution yields 

1 



A'n 



fca 



& rVQ <^C /Cq 

CJ fCo "^S^ /Co 



(66) 
(67) 



Therefore, the electron's frequency and wave vector are much smaller than 
those of the gravitational field. Their phase velocities are equal, ko/k 3 = 
k /k 3 . 

The spinor 



y, 



N 



f Ul \ 


^3 

V ° J 



exp (—ik^x^ 



(ko,k 3 



(68) 



has the form of a Dirac spinor for a positive energy electron of mass m, 
moving along x 3 . Therefore, it will satisfy the Dirac equation 



i^d^tp - —ip = 



(69) 



By giving rise to such a solution, gravity creates inertia for the electron. 
Components u\ and u 3 now satisfy 



mc 



kom - k 3 u 3 —«i = 

n 



mc 



so that 



m 



The final spinor is 



k 3 ui + k u 3 + — u 3 = 
n 



-hk 3 U\ 2. 2 *2; 2 1 2 2 

and 7i fc = n k 3 + m c 



i, 



N 



(hko + mc) 





-hk 3 



where 



(hko+Tnc) 

V ) 



N< 



exp (-ik^) k^ = (k , k 3 ) 



hkn + mc 



2hk 



(70) 
(71) 

(72) 



(73) 



(74) 
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We turn now to the gravitational field equations (15), retaining only the 
largest terms in the Ricci tensor 



R»» = d^-dxT^ (75) 

= v a p(^d P e v +5 a v d P e^ 

= 2d p C P u (76) 



It follows that 



Riiu = ri Xp {d\d p £ pu + dpdvZxp - d p d\£ pu - d v d\£ ptl } (77) 

The field equations are 



^W^i + ^R Too = (78) 

— (d do-d 3 d 3 )e 2 + Tn = (79) 

k-A 3 

— (dodo-daty^ + Tn = (80) 

k-A 3 

-^a ao(e 1 1 + e 2 2 ) + T 3 3 = o (si) 

^(d d -d 3 d 3 )e 2 -T 12 = (82) 

A length parameter A is introduced together with the arbitrary volume of 

integration, V. The energy tensor is derived in appendix B (128). Make use 
of the spinor (73) and 



{u\ui + u* 3 u 3 ) = — — -5— (83) 

nko + mc 

to find 



12 



Too = ^ + ^(e 1 n d e 2n -e 2 n d e ln ) (85) 

he ticks 

Tii = -—fte^ — fc^ (86) 

T 22 = ^^oei 2 -^a 3 e 12 (87) 

r » = ^O 6 ^ 362 "- 62 ^ (88) 

he ~ , hck^ 

T12 = --ttj Oo(en - e 22 ) + — — — d 3 (en - e 22 ) (89) 

Comparison with (60, 61) shows that Too = T33 = 0; also, T\\ = — T 22 . 

The field equations then give £} l = — £ 2 2 so that two independent equations 
remain 



K \ 3 (d d - 8383)^1 - ^ d e 2 + ^ d 3 e 2 = (90) 

K\ 3 (d d - d 3 o 3 )e 2 + y d e 1 - ^ ^\ = (91) 

These equations are satisfied by (64, 65), if 

. 9 he , . 

kA = 2*5 <92) 



The gravitational field is given by 



e 1 ! = l + acos(-A^) (93) 

e 2 2 = l-acos(-jfc^a^) (94) 

e\ = e 2 l = asm(-k' fl x fl ) (95) 

where k'^ = (k' , k' 3 ). The metrical determinant is constant yj—g = 1 — a 2 so 
that the condition (9 M (- V /— 57^) = is satisfied (footnote 2). 
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Finally, we calculate the total energy (153, appendix C) 



n — 2 yi ™0 I0 + V L nl L mp 

i „ „ Tic— 



- ^ MV'T 3 ^ - (d 3 ^)j 3 ^] - T V757oV> e 0afe3 e 3 3 ea m a 3 e fe m (96) 

The last two terms are equal to T33 = 0. Therefore, the energy is determined 
by the gravitational field 



Integrate over all of space to find 

E= fnd 3 x = hu J + ^l (98) 

J k 

A constant energy must be subtracted in order to obtain E = fiuj. 
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Appendix A: Electron Lagrangian. 

The scalar, 3- vector basis changes according to the formula 



Expanding e M in terms of tetrads 



Vve„ = exQL (99) 



e P = e\ a a (100) 



we have 



V^ = a a d u e a ^ + e a ^7 u a a 



a a (4e; + eW) (101) 



where, by definition, □ 



V u a a = (rpOJp av (102) 

Equate the two expressions (99) and (101) to find 

e\Q X ^ = d v e\ + e%u a pv (103) 

Contract this equation with e ap and form the tensor 

9 P \Q[^] = e ap(^ e ^-^0+ e "p( e/3 M w V- e V a /3^) 

= e a p (d v e ap - d p e au ) + u PfiV - u; pup (104) 

From (9), it follows that the totally anti-symmetric tensor 

Q[^x] = 9wQ[ vX } + 9u P Q P M + 9x P Q P [pu] = (105) 

Therefore, 

= e a [p d„e afi] + o; [pH (106) 



The u) a p v give the change of orientation of the orthonormal basis a a from point to 
point. Since r/ al3 — ±(a a ap + apoa) where a a = (a , ~a a ) and V v r] a ft = d v -q a f3 = 0, we 
have uJafi v = —Lop au . Moreover, ao<r a = a a implies that V„cto = or Lu a oi> — 0. This 
leaves 12 parameters uj a t v . They comprise 3 rotation parameters along each of the four 
coordinates x v . 
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or 



<*Va] = e a ^d u e aX ] (107) 

where 

W [/^A] — ft\ UJ ^ X + UvXfi + VXfiv — ^i//iA — w /iAi/ _ <^Ai//i J (108) 

The covariant spinor derivative is [7, 8] 

D^ = 8^ + iqA^ + r M V (109) 

where 

rv = I (r¥ - i p r) ^ = \i [a i^ a ^ (no) 

We have included the U(l) term iqA^ip. The conjugate expression is 

D$ = d$-%qA l $-$r il (111) 

giving the electron Lagrangian 



L e = -hc{^D^-(D^)^} 



+ !^( 7 /Tv + r^)y> (ii2) 

The gravitational coupling term can be expressed in terms of the tetrad field 
as follows: 



= \l [a l^a^ (H3) 
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where we have used the identity [8] 
The identity [8] 



yields 



yiV + iy/' = -^tfs^u^ 



2 



2 J 5 J S e» a ^Lu m (116) 



1 «, A Ja/3-f 

since e 5a / 3 T is totally anti-symmetric. Substitute (107) in order to obtain 



7 T M + iyy" = -^7575 efofrejejdvepx (117) 



and the Lagrangian 



L e = IhciWd^-id^yf^-licqilrfMv 
he— 

+ _^ 757 ^ ^7^^^ (118) 
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Appendix B: Electron Energy Tensor. 

The electron energy tensor is found by varying the tetrad field ejf 



8 I C e d x 



()Cp 6ef + J^6d x e/) a\r 



o 



d(dxej t 



de c 



d{d\e c 



SeJ 1 d A x 



J^A^Sefd 4 



where 



-9 A 



fiv — '-av 



8C e 8C e 
dej~ dx 



'd(d\e Q 



The action is invariant under arbitrary rotations of the tetrad [7]. 
finitesimal rotation takes the form 



5e ° = 5e. 



a ^a 



b i ab 



Thus, 

5 f C e d 4 x= f ^^Aijeje^e 1 " 1 d 4 x = 
Therefore, the antisymmetric part of Aij must be zero 


and we define the symmetric part to be 



2 (A? Aji) 



T, 



in/ 



„ \A-txv + A vll ) 



It follows that, for an arbitrary variation, 



(119) 

(120) 
An in- 

(121) 

(122) 

(123) 
(124) 



S / L P d X 



^V-(e*fe/ + e^e/i r/'.r 



2 ' e<w 



dC P 



def 






2 / T ^ S 9 



a 



'd(d\ea 



Sg^ d 4 x 



-gd x 



(125) 
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Explicitly, 



dec? 



dC f 



d(d x eot) 

which give 



2 



+^757^ ^V (d x e^ - d^ x ) J^g (126) 

-^s^^^e/e^V^ (127) 



--hcq (i)~f^A v + ip^ipA^ 

he— 

+^^7575^ e <5Q/37 e 7 A [(e a/i A e / 3 i , + e av d x e^) 



(128) 



The Lagrange form of the gravitational field equations can now be ex- 
pressed in terms of tetrads. We first substitute g^ v = r/ a/3 e/e/ in £ g to 
find [2] 



^-0 A _^L 



t u d(dxg^) 



dC g _ dC g 

dec? d(d\ej 



This, together with the energy tensor for the electron, 



J- puV — &av 



dCe 

dea 



dx 



dC P 



d(dxea 



give the field equations 



(129) 



(130) 



dC 
ded 1 



Ox 



dC 
d(dxea 



(131) 
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Appendix C: Energy Conservation. 

The principle of energy conservation derives from the Lagrange equations of 
motion, by means of the Hamilton function 



H = E C7r do<f) — C 



(132) 



The fields <fi include ej 1 , ip, tp, and A^, while the momenta are defined by 



dC 



C1T 



d(d 



(133) 



The temporal change of 7i is 



d n = E 5 o 

= £* 

Making use of 
d, 



dC 



d(d 4 
dC 



d(d 



d(d 4>) d(p 

do4> - -rr-d^ 



dC 



d(d x 



-d dx4> 



dC 



d(d n c 



-0 d n (, 



(134) 



dC 



d{d n 4>) 



da 



d„ 



dC 



d(d„ 



d(d n <p) 



(135) 



we find 



d H = J2 



Ox 



dC dC 



d(d x 



dad) - d r , 



dC 



d(d n 



-<9 <; 



E-ft. 



dC 



d(d n 4>) 



On 



(136) 



The last step is by virtue of the Lagrange equations of motion. Integrate 
over all 3-dimensional space and discard surface terms, in order to obtain 
conservation of total energy 



d 



Hd 6 x = 



(137) 



We now derive an explicit expression for the energy density 

H = cvr Q M Sbe/ + cW d ip + d lp ctt + cvr^ d A^ - C (138) 
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The spinor momenta are 



CTT 



en 



777. ,0 



■7777T-T = 7i hc V-9Vl 



dC 



The electromagnetic momenta follow from 



-hc^/^g-/°i) 



L r . 



1 



Therefore, 



^°Ji 



2g^gVF l0 F ]0 + g u gi m F tJ F l 



il jm . 



dF, 



jo 



d(d A t 



-% 



(139) 
(140) 

(141) 
(142) 



dC 



CTT 



CTT 



d(d A ) 
dC 







-gF 



;o 



d(d Ai) 
Turning now to the tetrad momenta, the gravitational Lagrangian 



(143) 
(144) 



L n 



9 I 1 fj,u L p \ 



pA -pP 

1 pv L fj,X 



-in 00 (V l V m - V 1 V m \ A- ri 



Im (-pn pO pO ~pp 

Im On 01 pm 



iJm /pn -pp -pP pn 

Ti/ l 1 im 1 pn x nl L 



mp 



contains time derivatives in the first term 



Therefore, 



dT 



mO 



d(d gv] 



9im,0j 



dT 



10 



dC n 



9{dog 



Kl 






d(d og v) 
'gg 00 (gu^jo - 9 A 



9ij 



(145) 



(146) 



(147) 
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The electron Lagrangian (28) contains time derivatives in the coupling term 



&£e tic— „ $ a/3 ^ o — 

— ^7575^ e e 7 e aii y/-g 



didoef) 4 

-^757^e <5Q/30 e °e^ v ^ (148) 



which leaves 



d(d e a *) 4 

The tetrad momenta are given by 



4 



° C ' ^757^ da60 eo ^v^ (149) 



C7T — 






d(d e a 



d£ g d(d g vX ) + 9£ e 



d{dog»*) didoeS) d(d ef) 
oc " 'ru^ + ft^ + J^HK ( 15 °) 



It follows that 



r)C 
C A 7^T-TK=0 (151) 



C7T 



d(d e 
dC 
d(d ej) 



(152) 
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Substituting the momenta into (138), we find the total energy density to be 



n 



K 

Y 



-9\9 y L mO 1 10 ~ L I0 l mOJ — 9 y L Ira 1 On — L 0l L p 



pill 



-9 



Ira f-pn pp pP rn 



(m pn 



n( mp 



+^y^5 00 ^ m ($4>3m4> - d A t d A m ) + I^^/^-F^F^ 



--hc[ipj l dii) - (d/^hV] \^7 + hcq^i/jA^y/^g 
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